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Gravitational waves in conformal gravity
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We consider the gravitational radiation in conformal gravity theory. We perturb the metric from
flat Mikowski space and obtain the wave equation after introducing the appropriate transformation
for perturbation. We derive the effective energy-momentum tensor for the gravitational radiation,
which can be used to determine the energy carried by gravitational waves.
PACS numbers: 04.50.Kd, 04.30.-w, 04.25.Nx, 04.20.Cv
I. INTRODUCTION
The detection of gravitational waves (GWs) by the LIGO Collaboration is a milestone in GW research and opens
a new window to probe general relativity (GR) and astrophysics [1–4]. Future space-borne detectors will offer access
to an unprecedented signal sensitivity [5], thus it is worthwhile to explore GWs in alternative theories of gravity.
Gravitational wave were considered in f(R) theories [6–17], in scalar-tensor theories [18–20], in f(T ) theories [21] and
in fourth-order gravity [22]. The evolution equation for gravitational perturbation in four dimensional spacetime in
presence of a spatial extra dimension has been derived in [23]. The linear perturbation of higher-order gravities has
been discussed in [24]. Following the original work by Weyl [25] (for review, see [26]), conformal gravity (CG), as
a possible candidate alternative to GR, attracts much attention. It can give rise to an accelerated expansion [27].
It was tested with astrophysical observations and had been confirmed that it does not suffer from an age problem
[28]. It can describe the rotation curves of galaxies without dark matter [29]. Cosmological perturbations in CG were
investigated in [30, 31]. The particle content of linearized conformal gravity was considered in [32]. It had been shown
that CG accommodates well with currently available SNIa and GRB samples [33–35]. A series of dynamical solutions
in CG were found in [36]. Mass decomposition of the lens galaxies of the Sloan Lens Advanced Camera for Surveys
in CG was discussed in [37]. Recently it was indicated that conformal gravity can potentially test well against all
astrophysical observations to date [38]. It has been shown that CG can also give rise to an inflationary phase [39].
The holographic two-point functions of four dimensional conformal gravity was computed in [40]. It was shown that
four dimensional conformal gravity plus a simple Neumann boundary condition can be used to get the semiclassical
(or tree level) wavefunction of the universe of four dimensional asymptotically de-Sitter or Euclidean anti-de Sitter
spacetimes [41]. A simple derivation of the equivalence between Einstein and Conformal Gravity (CG) with Neumann
boundary conditions was provided in [42]. It was argued that Weyl action should be added to the Einstein-Hilbert
action [43].
CG is also confronted with some challenges. It has been shown that CG does not agree with the predictions of
general relativity in the limit of weak fields and slow motions, and it is therefore ruled out by Solar System observations
[44]. It suggested that without dark matter CG can not explain the properties of X-ray galaxy clusters [45]. It is not
able to describe the phenomenology of gravitational lensing [46]. The cosmological models derived from CG are not
likely to reproduce the observational properties of our Universe [47].
In this paper, we will consider gravitational radiation in CG. We aim to find the equations of gravitational radiation
and the energy-momentum tensor of the GWs. These results will be valuable for future observations of GWs to test
gravity theories alternative to GR.
This paper is organised as follows. We begin with a review of the CG theory. In Section III, we consider GWs in
CG. In Section IV, we will discuss the energy-momentum tensor of the GWs. Finally, we will briefly summarize and
discuss our results.
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2II. BASIC EQUATIONS FOR CONFORMAL GRAVITY
Besides of the general coordinate invariance and equivalence principle structure of general relativity, CG possesses
an additional local conformal symmetry in which the action is invariant under local conformal transformations on the
metric: gµν → e2α(x)gµν . This symmetry forbids the presence of any Λ
√−gd4x term in the action, so CG does not
suffer from the cosmological constant problem [48]. Under such a symmetry, the action of CG in vacuum is given by
I = −αg
∫
CµνκλC
µνκλ
√−gd4x (1)
= −αg
∫ [
RµναβR
µναβ − 2RµνRµν + 1
3
R2
]√−gd4x
= −2αg
∫ [
RµνR
µν − 1
3
R2
]√−gd4x,
where Cµνκλ the Weyl tensor and αg is a dimensionless coupling constant, unlike general relativity. To obtain the
last equation, we have taken into account the fact that the Gauss-Bonnet term, RµναβR
µναβ − 4RµνRµν + R2, is
a total derivative in four-dimension spacetime. Here we take the signature of the metric as (−,+,+,+) and the
Rieman tensor is defined as Rλµνκ = ∂κΓ
λ
µν − ∂νΓλµκ +ΓαµνΓλακ − ΓαµκΓλαν from which the Ricci tensor is obtained
Rµν = g
αβRαµβν , and the Ricci scalar is defined as R = g
µνRµν . If to include the matter in the action, the energy-
momentum tensor of matter should also be Weyl invariant. Due to the conformal invariance one can choose a gauge
in which the scalar field is constant. Then it is obvious that the Ricci scalar term belongs to the gravity part of the
theory and cannot be discarded in the vacuum case. The only way this can be achieved is by choosing the vacuum
expectation value of the scalar as zero. But this means that the fermion mass term also vanishes, which means that
one can consider only massless matter with this theory. Hence, one should either say that one only consider massless
matter or one has to take the Ricci term into account (for details see [49]) in CG. The most general local matter
action for a generic scalar and spinor field coupled conformally to gravity has been proposed in [49]. Here we focus
on the vacuum case corresponding to conformal gravity with massless matter. Variation with respect to the metric
generates the field equations
4αgWµν = 0, (2)
where
Wµν = − 1
6
gµνR
;λ
;λ +
2
3
R;µ;ν +R
;λ
µν;λ −R ;λλν;µ −R ;λλµ;ν
+
2
3
RRµν − 2RµλR λν +
1
2
gµνRλκR
λκ − 1
6
gµνR
2, (3)
Since Wµν is obtain from an action that is both conformal invariant and general coordinate invariant, it is traceless
and kinematically covariantly conserved: Wµµ ≡ gµνWµν = 0 and Wµν;ν = 0.
III. GRAVITATIONAL WAVES IN CONFORMAL GRAVITY
Here we are interested in vacuum GWs of CG. Recently the GWs of CG with matter are discussed in [50], however,
the results in vacuum case cannot be derived simply from the non-vacuum case by letting the energy-momentum
tensor as zero. The linearized framework provides a natural way to study gravitational waves, which is a weak-field
approximation that assumes small deviations from a flat background
gµν = ηµν + hµν , (4)
where |hµν | ∼ ǫ which is a small parameter. We will consider terms up to O(ǫ). Thus the inverse metric is gµν =
ηµν − hµν where the indices are raised by used the Minkowski metric. To the first-order, the covariant derivative of
any perturbed quantity will be the same as the partial derivative, so the connection and the Riemann tensor are,
respectively, given by
Γ(1)ρµν =
1
2
ηρλ(∂µhνλ + ∂νhµλ − ∂λhµν), (5)
R(1)λµνρ =
1
2
(∂µ∂ρh
λ
ν + ∂
λ∂νhµρ − ∂µ∂νhλρ − ∂λ∂ρhµν). (6)
3Contracting the Riemann tensor gives the Ricci tensor
R(1)µν =
1
2
(hµν + ∂µ∂νh− ∂µ∂λhλν − ∂ν∂λhλµ), (7)
where the d’Alembertian operator is  = ηµν∂µ∂ν . Contracting the Ricci tensor gives the first-order Ricci scalar
R(1) = h− ∂µ∂νhµν . (8)
Inserting Eqs. (7) and (8) into (3) and retaining terms to the first-order, we obtain
W (1)µν = −
1
6
ηµνR
(1) +
2
3
R(1),µν +R
(1)
µν −R(1) ,λλν,µ −R(1) ,λλµ,ν . (9)
In general relativity, if we defines the trace-reversed perturbation h¯µν = hµν − 12ηµνh and impose the Lorenz gauge
∂µh¯µν = 0, the linearized vacuum Einstein field equations reduce to the wave equation
h¯µν = 0. (10)
We can apply this similar standard reasoning within the CG framework and find a quantity h¯µν that satisfies a wave
equation when linearizing the field equations (3). The rank-two tensors in linearized conformal gravity are: hµν , ηµν ,
R
(1)
µν , and ∂µ∂ν . In order to eliminate R
(1)
µν , we will try the simper combination ηµνR
(1). The linearized field equations
(3) is forth-order, we hope to get second-order wave equations which can be easily solved, so we look for a solution
with the following form
h¯µν = hµν + αηµνh+ βηµνR
(1), (11)
where α and β are constants. Taking the trace of Eq. (11) yields
h¯ = (4α+ 1)h+ 4βR(1). (12)
So we can eliminate hµν in terms of h¯µν to give
hµν = h¯µν − α
4α+ 1
ηµν h¯− β
4α+ 1
ηµνR
(1), (13)
and
h =
1
4α+ 1
h¯− 4β
4α+ 1
R(1). (14)
Inserting Eqs. (13) and (14) into R
(1)
µν yields
R(1)µν =
1
2
[
h¯µν − αηµν
4α+ 1
h¯− ∂µ∂λh¯λν − ∂ν∂λh¯λµ + 2α+ 1
4α+ 1
∂µ∂ν h¯− 2β
4α+ 1
∂µ∂νR
(1) − βηµν
4α+ 1
R(1)
]
. (15)
Using Eq. (15), W
(1)
µν can be rewritten as
W (1)µν =
1
2
[
h¯µν − αηµν
4α+ 1
h¯− ∂µ∂λh¯λν − ∂ν∂λh¯λµ + 2α+ 1
4α+ 1
∂µ∂ν h¯− 3β + 4α+ 1
3(4α+ 1)
(
6∂µ∂νR
(1) + ηµνR
(1)
)]
,(16)
where we have used R
(1) ,λ
λν,µ = R
(1) ,λ
λµ,ν =
1
2∂µ∂νR
(1). The third and fourth term can be eliminated if Lorentz gauge
conditions are taking. This can be done via coordinate transformation. Considering an infinitesimal coordinate
transformation, xµ → x′µ = xµ + ξµ, we get
h′µν = hµν − ∂µξν − ∂νξµ, (17)
h′ = h− 2∂σξσ, (18)
h¯′µν = h
′
µν + αηµνh
′ + βηµνR
′(1) = h¯µν −(∂µξν + ∂νξµ) + ηµν∂σξσ, (19)
h¯′ = h¯+ 2∂σξ
σ, (20)
4where the index was raised or lowered by using the Minkowski metric ηµν . If choosing ξµ so that it satisfies the
equation

2ξν = ∂
µh¯µν , (21)
then we have the Lorentz gauge condition ∂µh¯′µν = 0. Using this gauge conditions, the third and fourth term in (16)
are zero. To obtain the wave equation, the fifth and the last term should also be set to zero. These two terms can not
be eliminated by choosing gauge conditions. We can, however, choose freely the parameters α and β in the equation
(11) to eliminate these two terms, and this can be done by setting the coefficients of these two terms to zero. It is
easily to find when taking α = − 12 and β = 13 , the fifth and the last term can be eliminated. Then we obtain the
first-order linear vacuum equations (2) as
1
2
h¯µν − 1
4
ηµνh¯ = 0. (22)
Taking trace and yields
1
2
h¯−h¯ = 0, (23)
This equation leads to
h¯ = 0. (24)
Combining Eqs. (22) and (24), we finally obtain
h¯µν = 0, (25)
which seemingly has the same form of the GWs has in general relativity, they are different from each other in fact:
with different h¯µν and with different energy-momentum tensor as shown below. The solution takes the form
h¯µν = qµν exp (ikλx
λ). (26)
where kλ is a four-wavevector and satisfies ηµνk
µkν = 0 and kµqµν = 0. For a wave traveling along the z-axis,
kµ = ω(1, 0, 0, 1) with ω the angular frequency. The Lorentz gauge condition can not fixed the gauge freedom
completely, it leaves a residual coordinate transformation with2ξν = 0. If ξµ also satisfies the equation h¯ = −2∂σξσ,
we then have h¯′ = 0. We may impose further constrains upon qµν : q0ν = 0, and can define
[qµν ] =


0 0 0 0
0 q+ q× 0
0 q× −q+ 0
0 0 0 0

 , (27)
where q+ and q× are constants representing the amplitudes of the two transverse polarizations of gravitational radi-
ation. Here we note that equations (26) and (27) may mislead one to conclude that there are only two independent
components. The degree of freedom of the linearized conformal gravity was discussed in detail in [32], which was
consistent with the results obtained by using the canonical analysis [51]. In [32], Riegert introduced h¯µν = hµν− 14ηµνh
and obtain fourth-order wave equations 2h¯µν = 0 under conformal gauge conditions Vµ =
1
3 h¯
,α,β
αβ,µ = 0. Riegert
has shown that the plane wave solutions of linearized conformal gravity propagate six physical degrees of freedom,
corresponding to massless spin-2 and spin-1 ordinary particles and a massless spin-2 ghost particle. Here we introduce
the variable of field (11) and the Lorentz gauge conditions ∂µh¯µν = 0 and obtain h¯µν = 0 which is second-order
equations differentiating from the fourth-order wave equations obtained in [32], this is because the variable of field
(11) introduced here is proportional to the second derivative of the metric perturbation. Though if we insert h¯µν
(as functions of hµν) into the wave equations, both method lead to the same equations 
2hµν − 14ηµν2h = 0 but
with gauge conditions ∂µ∂
α∂βhαβ = 3∂
αhαµ in [32] and ∂µ∂
α∂βhαβ = ∂
αhαµ here, it is hµν , not the second
derivative of the metric, that is the actual perturbation. To obtain the solution for the original metric perturbation
from solution (26) for the new metric perturbation, one should to assume the form of the solution for the original
metric perturbation as done in [32], then insert it into the equation (11) for h¯µν , comparing with the solution (26),
one can obtain the solution for the original metric perturbation. The particle content of linearized conformal gravity
should be investigated in the forth-order wave equations, see [32, 50] for details.
5IV. ENERGY-MOMENTUM TENSOR OF THE GRAVITATIONAL WAVES
Physically, we could expect the gravitational field to carry energy-momentum, but as it is well known that it is
difficult to define an energy-momentum tensor for a gravitational field. Nevertheless, one can regard the linearised
theory as describing a simple rank-2 tensor field hµν in Cartesian inertial coordinates propagating in a fixed Minkowski
spacetime background, and then can assign an energy-momentum tensor to this field in Minkowski spacetime. As was
discussed above, the linearised gravitational theory ignores the energy-momentum associated with the gravitational
field itself. To include this contribution, and thereby go beyond the linearised theory, we must modify the linearised
field equations to read
W (1)µν =
1
4αg
tµν , (28)
where tµν is the energy-momentum tensor of the gravitational field itself. Rearranging this equation gives
W (1)µν −
1
4αg
tµν = 0. (29)
Returning to the equations (3), we can expand beyond first order to obtain
Wµν ≡W (1)µν +W (2)µν + ... = 0. (30)
where indexes (i) indicate the order of the expansion in hµν . To a good approximation (up to O(ǫ3)), we should make
the identification
tµν = −4αgW (2)µν . (31)
Since the energy-momentum of a gravitational field at a point in spacetime has no real meaning, this suggests that
in order to probe the physical curvature of the spacetime one should average W
(2)
µν over a small region at each point
in spacetime, which gives a gauge-invariant measure of the gravitationa field strength of the GWs themselves. The
average is carried out over a region of length scale d with λ ≪ d ≪ L, where λ is the GW wavelength and L is the
background radius. The average of a tensor is defined as [52, 53]
〈Aµν〉 =
∫
jαµ (x, x
′)jβν (x, x
′)Aαβ(x
′)f(x, x′)
√
−g¯(x′)d4x′. (32)
where 〈· · ·〉 denotes the averaging process, g¯µν is the metric of the background, jαµ is the bivector of geodesic parallel
displacement, and f(x, x′) is a weight function that falls quickly and smoothly to zero when | x − x′ |> d, such that∫
allspace f(x, x
′)
√
−g¯(x′)d4x′ = 1. Therefore we should replace Eq. (31) by
tµν = −4αg
〈
W (2)µν
〉
. (33)
To calculate the energy-momentum of GWs, we must expand each team in Wµν up to the second order in hµν . The
second-order Ricci tensor is
R(2)µν = ∂νΓ
(2)σ
µσ − ∂σΓ(2)σµν + Γ(1)ρµσΓ(1)σρν − Γ(1)ρµνΓ(1)σρσ, (34)
where Γ
(1)σ
µν is presented in equation (6) and Γ
(2)σ
µν is given by
Γ(2)σµν = −
1
2
hσλ(∂µhνλ + ∂νhµλ − ∂λhµν) (35)
Since we average over all directions at each point, first derivatives average to zero: 〈∂µf〉 = 0 for any function of
position f . This has the important consequence that 〈∂µfg〉 = −〈∂µgf〉 [54, 55]. Repeated application of this, we
obtain the terms in W
(2)
µν as follow, respectively
〈(gµν∇α∇αR)(2)〉 = 〈ηµνηαβ∂λΓ(1)λαβR(1) + 2ηµν∂αΓ(1)λαρR(1)ρλ − ηµνhαβ∂αβR(1) − ηµνhρσR(1)ρσ + hµνR(1)〉,(36)
〈(∇α∇αRµν)(2)〉 = 〈ηαβ∂λΓ(1)λαβR(1)µν + ∂αΓ(1)λαµR(1)λν + ∂αΓ(1)λανR(1)λµ − hαβ∂αβR(1)µν 〉, (37)
6〈(∇α∇µRνα)(2)〉 = 〈−hαβ∂α∂µR(1)νβ + ∂λΓ(1)λαµR(1)αν + ∂µΓ(1)λανR(1)αλ + ηαβ∂µΓ(1)λαβR(1)νλ 〉, (38)
〈(∇ν∇µR)(2)〉 = 〈−hαβ∂µ∂νR(1)αβ + ∂λΓ(1)λµνR(1) + 2∂µΓ(1)λνσR(1)σλ 〉, (39)
〈(RµαR αν )(2)〉 = 〈ηαβR(1)µαR(1)νβ 〉, (40)
〈(gµνRαβRαβ)(2)〉 = 〈ηµνηαρηβσR(1)αβR(1)ρσ 〉, (41)
〈(RRµν)(2)〉 = 〈R(1)R(1)µν 〉, (42)
〈(gµνR2)(2)〉 = 〈ηµνR(1)2〉, (43)
Inserting the R(1), R
(1)
µν , and Γ
(1)λ
µν into these equations, and using the wave equations (25), the vanishing trace
h¯ = 0, and the Lorentz gauge ∂µh¯µν = 0, we obtain after a rather cumbersome calculation
tµν = −4αg
〈
W (2)µν
〉
(44)
= −4αg
〈[1
2
∂µ∂νh
αβ∂α∂
λhλβ +
3
32
h∂µ∂νh− 1
2
∂µ∂νh
αβ
hαβ
]〉
(45)
= 2αg
〈
h¯αβ
∂µ∂ν

h¯αβ
〉
. (46)
where 1/ = 1/k2 in momentum space. It is obvious that this energy-momentum tensor is symmetric. Using the
vanishing trace, the Lorentz gauge, and W
(1)
µν = 0 (implying that R
(1)
µν =
1
6ηµνR
(1) + 13∂µ∂νR
(1)), it can also been
shown that this energy-momentum tensor is traceless. Because of the operator 1/, the energy carried by GWs in
vacuum case diverges in momentum space, this due to the massless ghost contained in CG.
V. CONCLUSIONS AND DISCUSSIONS
We have discussed the gravitational radiation in conformal gravity theory. We have linearized the field equations
and obtain the second-order wave equation after introducing the suitable transformation for hµν . We have also derived
the effective energy-momentum tensor for the gravitational radiation. Unfortunately, however, the energy carried by
GWs in vacuum case diverge in momentum space. The methods presented here can be applied to investigate other
alternative gravity theories.
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